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Figure 1: Hot air balloon

1 Introduction

In this module we will combine the ideas from previous modules, namely that of analytical geometry and
optimization, along with iterated or multiple integration, in order to solve several interesting problems. We
will begin by designing several 3 dimensional objects, such as hot air balloons, submarines, and antennae.
While challenging, the volume and surface area of these shapes can be solved more or less by hand. Then we
will turn to the problem of approximating the volume of arbitrary shapes, using numerical integration.

2 Project: Designing a hot air balloon

(http://i-want-to-study-engineering.org/q/hot_air_balloon/)

In this project you will design a hot air balloon that carries 5 people, each of mass 80 kg, and a passenger
cabin of mass 200 kg. The shape of the balloon is presented in Figure (1).

We will assume that the hot air is governed by the ideal gas law

pV = nRT, (1)

where p is the pressure of the gas, V is the volume of the gas, n is the amount of substance of gas (in moles), R is
the ideal, or universal, gas constant, equal to the product of the Boltzmann constant and the Avogadro constant,
R = 8.31 J/molK deg, and T is the absolute temperature of the gas in K deg. The mass of one mole is M = 0.028
kg and n = m/M , where m is the mass of the hot air inside the balloon. Thus equation (1) can be rewritten as

pV =
mRT

M
. (2)

Therefore, the mass of the hot air is

m =
MpV

RT
. (3)

Since the air pressure p inside the balloon equals atmospheric air pressure outside, the mass of the cold air (at the
absolute temperature T0) in the volume V equals

m0 =
MpV

RT0
. (4)
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Let wb be the weight of the balloon. Then, the payload of the balloon equals

Payload = m0g −mg − wb,

where g = 9.8m/s2. For the temperature of the air outside the balloon and the atmospheric pressure on different
altitudes use the following table that shows dependence of the outside temperature T0 and atmospheric pressure
p on the altitude h:

https://www.avs.org/AVS/files/c7/c7edaedb-95b2-438f-adfb-36de54f87b9e.pdf

Altitude Above the Sea Level Temperature Atmospheric Pressure
in meters in Ko in kPa

0 288 101.33

153 287 99.49

305 286 97.63

458 285 95.91

610 284 94.19

763 283 92.46

0915 282 90.81

1068 281 89.15

1220 280 87.49

1373 279 85.91

1526 278 84.33

1831 276 81.22

2136 274 78.19

2441 272 75.22

The total mass of the cabin with passengers is 200 kg + 5 ∗ 80 kg = 600 kg. Assuming that the balloon is in
equilibrium on the altitude h, we get that

Payload = 600. (5)

Thus, we obtain the following equation

MpV g

RT0
− Mp(h)V g

RT (h)
− wb = 600.

Your project may consist of the following steps:
1. Choose an equation of the surface that is similar to the surface of the balloon. Your equation should contain

a scaling parameter s that changes the size of the balloon but does not change the shape.
2. Find the volume of the balloon V as a function of a scaling parameter s.
3. Find the area of the surface of the balloon as a function of a scaling parameter s.
4. The weight of the balloon is proportional to its surface area. The coefficient of proportionality depends on

the material that is used for the balloon. Choose an appropriate material and find the volume of the balloon
V as a function of a scaling parameter s.

5. Find the temperature T (h) that provides the horizontal flight of the balloon on the altitude h. This tem-
perature depends also on the size of the balloon represented in formulas as s.

6. Choose some value of s. If the temperature of the hot air is to high you need to make the balloon larger by
increasing s. Find the value of s that provides a reasonable temperature of the hot air.

7. Make a table that shows temperature of the hor air on different altitudes.
8. Use regression analysis to derive the formula that shows how altitude h depends on the temperature of the

hot air.

Have a happy flight!
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Figure 2: A submarine.

Figure 3: A hull of a submarin

3 Project: The hull of a submarine

(http://traktoria.org/files/personal_submarine/design/

some_aspects_of_submarine_design__1_hydrodynamics.pdf)

In this project you will design the hull of a submarine a volume of 16, 000 m3 and a length of 170 m (the
specifications of an Ohio class submarine). An ideally shaped submarine has an elliptic bow and a parabolic stern
as shown in Figure 3. So, the surface of the hull should be a union of an ellipsoid and an elliptic paraboloid. At
the same time, the hull should have a smooth surface. (A surface is said to be smooth provided that the tangent
plane exists for every point of the surface.) Thus, the ellipsoidal and parabolic parts should be smoothly glued
to each other. To make a submarine more stable, make the height greater than the width, thus, traces of
this surface in the planes perpendicular to the x-axis are supposed to be ellipses with z-semi-axis greater than
y-semi-axis.

Your project may consist of the following steps:
1. Assume that for −a ≤ x ≤ b the surface of the hull is a part of an elliptic paraboloid and for b ≤ x ≤ c it is a

part of an ellipsoid, so a+ c = 170 (see Fig. 2). Write equations of an elliptic paraboloid with the vertex at
x = −a and of an ellipsoid with the end point x = c. Since there are many paraboloids and ellipsoids that
satisfy these requirements, the equations should contain some parameters that are unknown yet and will be
determined later.

2. Write equations of the traces of the ellipsoid and the paraboloid in the plane x = b. These traces should
be identical. Thus the parameters in the equations of the ellipsoid and the paraboloid should be related.
Therefore, this parameters should satisfy some equations. Write these equations.

3. The tangent plane to surface of the hull should exist everywhere. Obviously, the only points where such
tangent plane may not exist are the points where the ellipsoid and the paraboloid are glued to each other,
those are the points of the trace in the plane x = b. The existence of the tangent plane at these points
generates additional equations for the parameters. Write these equations.
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4. Using multiple integrals find the volume of the submarine and set it equal to 16, 000. It will give you another
equation.

5. Write all equations from the previous steps as a system. Solve this system. Does it have a solution? Is
a solution unique? Do you need to put an additional condition (for example you may require some ratio
between the height and the width)?

6. Evaluate the surface area of the submarine you have designed.
7. Using this surface area estimate the forces on the hull of your submarine from water presure on the depth

of 3000 ft.
8. Describe the hull you designed. You may use a graphic software to visualize the shape of your submarine.

Have a happy submersion!
Do not forget that the maximal depth of submersion for Ohio class submarines is about 3000 ft.
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Figure 4: Parabolic Antenna

4 Project: A parabolic antenna

A parabolic antenna, often called a dish antenna or parabolic dish, is comprised of an elliptical paraboloid.
The main advantage of a parabolic antenna is that it has high directivity. It functions similarly to a searchlight
or flashlight reflector, either to direct radio waves in a narrow beam, or receive radio waves from one particular
direction.

Parabolic antennae have some of the highest gains, i.e. they can produce the narrowest beamwidths, of any
antenna type (see [1,2]). In order to achieve narrow beamwidths, the parabolic reflector must be much larger than
the wavelength of the radio waves used ([2]). Thus parabolic antennas are used in the high frequency part of
the radio spectrum, at UHF and microwave (SHF) frequencies, at which the wavelengths are small enough that
conveniently-sized reflectors can be used.

Parabolic antennae are used as high-gain antennae for point-to-point communications, in applications such
as microwave relay links that carry telephone and television signals between nearby cities, wireless WAN/LAN links
for data communications, and in satellite and spacecraft communications. They are also used in radio telescopes.

The other large use of parabolic antennas is for radar antennas, in which there is a need to transmit a narrow
beam of radio waves to locate objects like ships, airplanes, and guided missiles. With the advent of home satellite
television receivers, parabolic antennas have become a common feature of the landscapes of modern countries ([2]).

The parabolic antenna was invented by German physicist Heinrich Hertz during his discovery of radio waves
in 1887. He used cylindrical parabolic reflectors with spark-excited dipole antennas at their focus for both trans-
mitting and receiving during his historic experiments.

In this project you will design a parabolic antenna. Your project may consist of the following steps:
1. Assume that the surface of your antenna is a part of an elliptic paraboloid. Write an equation of an elliptic

paraboloid that is symmetric with respect to z. The equation should contain some parameters that are
unknown yet and will be determined later.

2. Choose an arbitrary point on the surface of the antenna and find a normal vector, that is a vector normal
to the tangent plane.

3. Write an equation of a line through this point that is parallel to z - axis.
4. The law of reflection states that the incident ray, the reflected ray, and the normal to the surface of the

antenna all lie in the same plane. Furthermore, the angle of reflection is equal to the angle of incidence, that
is the angles between the incident ray and a normal vector and between a normal vector and the reflected
ray are equal. Assuming that the incident ray is parallel to z - axis find an equation of the reflected ray.

5. Show that the reflected ray intersects z - axis and find the intersection point.
6. Show that under certain assumption on the parameters in the equation of the antenna all incident rays

parallel to z - axis after reflection from points of the antenna intersect z - axis at the same point. State this
assumption.

7. Choose parameters and evaluate the surface area of your antenna.
8. Estimate the gain of your parabolic antenna
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9. Describe the antenna you designed. You may use a graphic software to visualize the shape of your antenna.
10. List References (for example):

1. Straw, R. Dean, Ed. (2000). The ARRL Antenna Book, 19th Ed. USA: American Radio Relay League.
ISBN 0-87259-817-9.
2. Stutzman, Warren L.; Gary A. Thiele (2012). Antenna Theory and Design, 3rd Ed. US: John Wiley &
Sons. ISBN 0470576642.
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5 Example: Irregular Shapes with Uniform Cross-Sections

Many shapes we encounter are not entirely regular, but we nonetheless must measure their volumes. In this
case, it is exceedingly rare to be able to calculate the exact volume. Nonetheless, we can approximate the
volume, and it turns out that it is not very hard to get a reasonably accurate approximation!

For simplicity, let’s consider a cylindrical object, with a general cross-section D as shown in Figure 5. Then,
the volume is given by

V = h

∫∫
D

dA = h

2π∫
0

r(θ)∫
0

r dr dθ =
h

2

2π∫
0

[r(θ)]2 dθ.

But if we apply the mean value theorem to this expression, then

V =
h

2
(2π)

〈
r2
〉

= π
〈
r2
〉
h, (6)

where 〈f〉 is the average value of a given function f .

Figure 5: A typical plot of a general cross-section of a cylindrical object. Based on only the 4 sample points shown,
the area is given equivalently by the red circle, to within a 1%.

5.1 The Approximation

In light of equation (6), one could ask, how might we approximate the volume? Suppose we measure the radius of
the cross-section D at a N equally spaced points, and approximate the volume according to

V ≈ π

(
1

N

N∑
i=1

(ri)
2

)
h.

This approximate volume is precisely the volume of a cylinder of height h, and radius R, where

R =

√√√√ 1

N

N∑
i=1

(ri)2.

How many points do we need to sample in order to get the correct volume, say to within 1% ? It turns out, that a
surprisingly small number of points is need, as long as D is smooth! In Figure 5, the blue cross-section is sampled
at a mere 4 points to approximate the error to within 1%. The red circle indicates the equivalent circular cross
section of radius R. So, the red circle and the blue cross-section have approximately the same area.
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Investigate and approximate the cross-sectional area of a curvy object
reset():

Define the function parametrically as r = r(t), where t is the angle.
r:=t-> 1-.3*cos(t)^4+.2*sin(t)*cos(t)-.5*sin(t)^3-.8*sin(t)^2*cos(t)^2:
f:=r(t)^2:

Introduce sampling parameters. We will measure
f=r^2 at the points   t_i = t_0+i*dt, for i=0,1,...N-1
N := 8:
dt:= 2*PI/N:
t0:= 0.02487:

Let's have a look at what we're measuring
x:=r(t)*cos(t):
y:=r(t)*sin(t):
Crv:=plot::Curve2d([x,y],t=0..2*PI):
xy :=float( [subs( [x,y], t=t0+i*dt ) $ i = 0..N-1] ):
Pts:=plot::Scatterplot(xy,LinesVisible=FALSE,
                       PointColor=RGB::Red):
plot(Crv,Pts)
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Now, sample r^2, and construct the average value r^2_bar
r_sq:=float( [subs( f, t=t0+i*dt ) $ i = 1..N] )0.4128321332, 0.2450222783, 0.2063127886, 0.4968221942, 1.046051021, 2.232244597,
0.6111062319, 0.4968005163

rsq_bar:= stats::mean(r_sq)
0.71839897

The approximate area is given by      A_Approx= pi*r^2_bar
A_Approx:= float(  PI*rsq_bar  )
2.256916927

How did we do? Let's find the exact area...
A_Exact:=int(f/2,t=0..2*PI)
2.250902049

...and measure the difference.
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6 Project: Design a container

Your task is to design a new container, which is aesthetically pleasing, but will hold an exact volume of liquid
(say, 1 Liter). In order to do this, you must be able to measure the area of an irregular cross-section. To measure
the volume, do the following tasks. Assemble your results into a small report.

1. Choose a non-circular cross-section, to design an irregular cylinder.
2. Sketch, or build a small model out of paper, cardboard, etc. if necessary.
3. Find the centroid of the section. If you’re not sure how to do this, see the reference below.
4. For a small integer N (say 4 or 8), measure the radius rk, from the centroid to the edge, at equally spaced

angles k∆θ = k 2π
N , for k = 1, 2, . . . N .

5. Find the approximate area A ≈ π
〈
r2
〉

= π
N

∑N
k=1 (rk)

2.
6. Compare your approximation to a more accurate value, say with 2N values. Do the results agree?
7. Assume that the required volume of the container is V . What height must it be? Or, choose an aesthetically

pleasing height, and find the resulting volume.
8. Identify any uncertainties in your calculations, and discuss methods to improve your design.
When assembling the report, include several references. For example, cite methods to measure volumes or

centroids empirically:
• http://www.middleschoolchemistry.com/lessonplans/chapter3/lesson2

• https://en.wikipedia.org/wiki/Locating_the_center_of_mass
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7 Example: Irregular Shapes with Non-Uniform Cross-Sections

In the last example, we considered irregular volumes, with a uniform cross-section. But what if the cross-
sections also vary? In cylindrical coordinates, we have

V =

∫∫∫
V

dV =

2π∫
0

h∫
0

r(θ,z)∫
0

r dr dz dθ =
1

2

2π∫
0

h∫
0

[r(θ, z)]2 dz dθ.

Now, we apply the mean value theorem two the double integral, yielding

V =
1

2
(2πh)

〈
r2
〉

= π
〈
r2
〉
h, (7)

where 〈f〉 is the average value of a given function f . Equation (7) follows from Pappus’ theorem, which states
that the volume is equal to the height, multiplied by the area of a circle, which gives the average cross-section.
Some examples of irregular shapes with a cylindrical axis are shown in Figure 6

Figure 6: Examples of shapes which can be measured by finding a cylinder of an equivalent volume, according to
Pappus’ theorem.

7.1 The Approximation

In light of equation (7), one could ask, how might we approximate the volume? One method is to approximate
the cross-sectional area at several heights. Suppose we do so at M heights, and find the cross-sectional area by
averaging the radius at N equally spaced points. Then, the volume is approximately given by

V ≈ 〈A〉h, where 〈A〉 =
1

M

M∑
m=1

Am, Am = π
〈
r2m
〉

=
π

N

N∑
i=1

(ri,m)2.

This approximate volume is precisely the volume of a cylinder of height h, and radius R, where

R =

√√√√ 1

MN

M∑
m=1

N∑
i=1

(ri,m)2.
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8 Project: A New Design

Your last container design was very good, and you are becoming popular! Now, a more artistic design is required.
Find a new container, or design one of your own making, with a non-uniform cross section. To approximate the
volume, do the following tasks. Assemble your results into a small report.

1. Choose a cylindrical shape, with non-uniform cross-sections. You can either borrow a design, or come up
with your own.

2. If possible, locate a physical container, to confirm your approximate calculations.
3. Choose a small number of heights zm = mh

M , where h is the total height of your container.
4. At each height zm, choose N (say 4 or 8) locations, at equally spaced angles k∆θ = k 2π

N , to measure the

diameter dk. Then the radius values are rk = dk
2 , for k = 1, 2, . . . N .

5. Find the approximate areas Am ≈ π
〈
r2
〉

= π
N

∑N
k=1 (rk)

2.

6. Average the areas, and approximate the volume V ≈ h
M

∑M
m=1Am.

7. If you have an actual container, measure the volume directly, and compare with your calculations.
8. Identify any uncertainties in your calculations, and discuss any discrepancies.
When assembling the report, include several references. For example, cite methods to measure volumes or

centroids empirically:
• http://mathworld.wolfram.com/PappussCentroidTheorem.html

• https://en.wikipedia.org/wiki/Locating_the_center_of_mass
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