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Olympiad Problems

Problem 1. Solve the equation x2−x−cos y+1.25 = 0.

Solution.

x2 − x− cos y + 1.25 = x2 − x+ 0.25 + 1− cos y

= (x− 0.5)2 + (1− cos y)

(x− 0.5)2 + (1− cos y) = 0

Since 1− cos y ≥ 0,{
x− 0.5 = 0
1− cos y = 0{
x = 0.5
cos y = 1

Answer :

{
x = 0.5
y = 2πn, n is an arbitrary integer.
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Problem 2. Solve the inequality:

1− 2
√

1− x2
x

≤ 1.

Solution. First we observe that x 6= 0 and −1 ≤ x ≤ 1.
So there are two cases to be considered: −1 ≤ x < 0 and
0 < x ≤ 1.

Case 1. Let 0 < x ≤ 1.

Multiplying both sides of the inequality by x one gets:

1− 2
√

1− x2 ≤ x.

Then,

1− x ≤ 2
√

1− x2.

Since 1− x ≥ 0, the previous inequality is equivalent to

(1− x)2 ≤ 4(1− x2)

and to

1− x ≤ 4(1 + x).

Thus in addition to 0 < x ≤ 1 one has x ≥ −3
5 . Therefore

the solution in the first case is the interval (0, 1].

Case 2. Let −1 ≤ x < 0.

Multiplying both sides of the inequality by x one gets:

1− 2
√

1− x2 ≥ x.

Then,

1− x ≥ 2
√

1− x2.
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Since 1− x ≥ 0, the previous inequality is equivalent to

(1− x)2 ≥ 4(1− x2)

and to
1− x ≥ 4(1 + x).

Thus in addition to −1 ≤ x < 0 one has x ≤ −3
5 .

Therefore the solution in the second case is the inter-
val [−1,−3

5 ].

So the solution to the inequality is [−1,−3
5 ] ∪ (0, 1].
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Problem 3. In the center of a square field is an orc.
Four elf guards are on the vertices of that square. The
orc can run in the field, the elves only along the sides
of the square. Elves run 1.5 times faster than the orc.
The orc can kill one elf but cannot fight two of them at
the same time. Prove that elves can keep the orc from
escaping from the field.

Solution.

Consider the lines passing through the position of the orc
and parallel to the diagonals of the square. Elves should
take positions at the points of intersection of these lines
with the sides of the square. Let A be a projection of
the position of the orc on the diagonal BC. To keep
his position the Elf 3 has to have the same projection on
BC. To achieve this he has to move

√
2 times faster that

the orc. It is possible since the elf can move 1.5 times
faster than the orc. Similarly for the other elves.
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Problem 4. Prove that given 100 different positive in-
tegers such that none of them is a multiple of 100, it is
always possible to choose several of them such that the
last two digits of their sum are zeros.

Solution. Let a1, a2, . . . , a100 be those numbers. Con-
sider the following sums:

S1 = a1, S2 = a1 + a2, . . . , Sk = a1 + a2 + · · ·+ ak, . . . ,

S100 = a1 + a2 + · · ·+ a100.

Consider the last two digits of S1, S2,. . . , S100. If the last
two digits of one of these sums are zeros, we are done.
Otherwise, there remain only 99 combinations of the last
two digits, therefore, two sums, say Sk and Sm, k < m,
have the same last two digits. Thus the last two digits
of Sm − Sk = ak+1 + · · ·+ am are zeros.
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Problem 5. Long, long ago, far, far away there existed
the Old Republic Galaxy with a large number of stars.
It was known that for any four stars in the galaxy there
existed a point in space such that the distance from that
point to any of these four stars was less than or equal
to R. Master Yoda asked Luke Skywalker the following
question: Must there exist a point P in the galaxy such
that all stars in the galaxy are within a distance R of the
point P? Give a justified argument that will help Luke
answer Master Yoda’s question.

Solution. Let us consider the smallest ball that contains
all stars. Denote the radius of this ball by r. To find such
a ball one can start with a large ball that contains all
stars inside it and then shrink it changing the position
of its center if needed until one gets the ball with the
minimal radius. To be the ball of the minimal radius that
cannot be made smaller this ball should satisfy either one
of the following three conditions:
1) there are two stars that are the endpoints of one of
diameters of the ball,
2) there are three stars that are vertices of an acute tri-
angle inscribed in a great circle of the ball (a great circle
is the intersection of the surface of the ball with the plane
passing throw the center of the ball),
3) there are four stars that are vertices of a tetrahedron
inscribed in the ball, the center of which is inside the
tetrahedron.
By the assumption of the problem these two (case 1), or
three (case 2), or four (case 3) stars are inside of some ball
of the radius R. Therefore, it is necessary that r ≤ R.
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So all stars are inside the ball of the radius r ≤ R and
the point P is the center of that ball.
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Problem 6. Two trolls Tom and Bert caught Bilbo and
offered him a game. Each player got a bag with white,
yellow, and black stones. The game started with Tom
putting some number of stones from his bag on the table,
then Bert added some number of stones from his bag, and
then Bilbo added some stones from his bag. After that
three players were making moves. At each move a player
chooses two stones of different colors, takes them away
from the table, and puts on the table a stone of the color
different from the colors of chosen stones. Game ends
when stones of one color only remain on the table. If the
remaining stones are white Tom wins and eats Bilbo, if
they are yellow, Bert wins and eats Bilbo, if they are
black, Bilbo wins and is set free. Can you help Bilbo to
save his life by offering him a winning strategy?

Solution. Bilbo should add stones to make the number
of black stones odd, and numbers or white and yellow
stones both even (or to make the number of black stones
even, and numbers or white and yellow stones both odd).
Thus the numbers of white and yellow stones will have
the same parity and the number of black stones a differ-
ent parity. After each move of each player the parities of
the numbers of white, yellow, and black stones change.
So how would the players play does not matter, the num-
bers of white and yellow stones will have the same parity
and the number of black stones a different parity. At
the final position the numbers of stones of two colors are
zeros, that is the same parity, thus these numbers are
the numbers of white and yellow stones. Therefore, the
stones remaining on the table are black. Bilbo wins!
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Problem 7. The Old Republic contained an odd num-
ber of inhabited planets. Some pairs of planets were con-
nected to each other by space flights of the Trade Feder-
ation, and some pairs of planets were not connected. Ev-
ery inhabited planet had at least one connection to some
other inhabited planet. Luke knew that if two planets
had a common connection (they are connected to the
same planet), then they have a different number of total
connections. Master Yoda asked Luke if there must exist
a planet that has exactly two connections. Give a justi-
fied argument that will help Luke answer Master Yoda’s
question.

Solution. Since the number of planets is finite there is
at least one planet with the maximal number of connec-
tions. Let us call this planet the planet A and let us
denote its number of connections by n. Let B1, B2,. . . ,
Bn be planets connected with the planet A. Since the
planets B1, B2,. . . , Bn have a common connection (the
planet A), they all have different numbers of connections
and their numbers of connections are less than or equal
to n, which is the maximal number of connections among
all planets. By the Pigeonhole Principle the numbers of
connections of the planets B1, B2,. . . , Bn are 1, 2,. . . , n.
So if n ≥ 2, the there is a planet among them with ex-
actly two connections. To prove that n ≥ 2 assume that
n = 1. Since every planet has at least one connection
it implies that every planet has exactly one connection.
However for an add number of planets it is not possible.
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Problem 8. A troll tried to spoil a white and red 8× 8
chessboard. The area of every square of the chessboard
is one square foot. He randomly painted 1.5% of the area
of every square with black ink. A grasshopper jumped
on the spoiled chessboard. The length of the jump of the
grasshopper is exactly one foot and at every jump only
one point of the chessboard is touched. Is it possible for
the grasshopper to visit every square of the chessboard
without touching any black point? Justify your answer.
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