
TAKE A CHANCE –
 

PART 1

UNDERSTANDING RANDOMNESS 

PROBABILITY

COUNTING TECHNIQUES

LAWS OF PROBABILITY



Understanding Randomness

Random Activity – Thinking at Random
FLIP MENTALLY A QUARTER 16 TIMES AND RECORD YOUR RESULTS   (H -

 

FOR 

HEAD, T -

 

FOR TAIL)

_   _   _   _   _   _   _   _   _   _   _   _   _   _   _   _   _   _   _   _
Why would you call the outcome random?

What is a “Random Event”?

http://www.artcyclopedia.org/art/rodin-thinker.jpg


Understanding Randomness

Random Activity – Acting at Random 
FLIP A REAL QUARTER 16TIMES AND RECORD YOUR RESULTS (H -

 

FOR HEAD, T -

 
FOR TAIL)

_   _   _   _   _   _   _   _   _   _   _   _   _   _   _   _   _   _   _   _
In what major way is your result different from the mentally generated 

sequence ?

What is “wrong”

 

(if anything) with your mentally generated result?



Understanding Randomness

Random Activity – Random Generations
OPEN

 

http://www.random.org
CLICK

 

Games & Gambling: Coin Flipper; SELECT

 

16 coins; SELECT

 

your favorite coin
RECORD THE RESULTS

_   _   _   _   _   _   _   _   _   _   _   _   _   _   _   _   _   _   _   _
What does it look like, the hand-flipped or the mentally generated sequence?

Can a sequence be “Too random”

 

and what could this mean?

http://www.random.org/
http://www.random.org/coins/


“…there are many … ways to get true randomness 
into your computer. A really good physical 
phenomenon to use is a radioactive source. The 
points in time at which a radioactive source decays 
are completely unpredictable, and they can quite 
easily be detected and fed into a computer, 
avoiding any buffering mechanisms in the operating 
system. The HotBits service at Fourmilab in Switzerland is 
an excellent example of a random number generator that 
uses this technique. Another suitable physical phenomenon 
is atmospheric noise, which is quite easy to pick up with a 
normal radio. This is the approach used by RANDOM.ORG. 
You could also use background noise from an office or 
laboratory, but you'll have to watch out for patterns. The fan 
from your computer might contribute to the background 
noise, and since the fan is a rotating device, chances are 
the noise it produces won't be as random as atmospheric 
noise. “*

*) From: random.org

Understanding Randomness

http://www.fourmilab.ch/hotbits/
http://en.wikipedia.org/wiki/Thunderstorm


Probability

To calculate the probability of an event
compute the ratio

What is the probability of selecting a red marble out of a box containing 4 red and 6 green

marbles? 

conductedbecantxperimenethewaysofnumberTotal
obtainedbecaneventthewaysofNumber



Probability

What is the probability of getting a six when 
rolling a die? conductedbecantxperimenethewaysofnumberTotal

dnbeobtainetheeventcawaysofNumber

1 2 3 4 5 6



Probability

What is the probability of getting a sum 

greater than 7 when rolling two dice? conductedbecantxperimenethewaysofnumberTotal
dnbeobtainetheeventcawaysofNumber

1 2 3 4 5 6

1 2 3 4 5 6 7

2 3 4 5 6 7 8

3 4 5 6 7 8 9

4 5 6 7 8 9 10

5 6 7 8 9 10 11

6 7 8 9 10 11 12



Probability

What is the probability that a randomly 
thrown dart will hit the circle inscribed 
into 1 by 1 square?

conductedbecantxperimenethewaysofnumberTotal
dnbeobtainetheeventcawaysofNumber

1

1

squaretheofArea
circletheofArea



Monte Carlo Method

Use Java Applet to estimate π

http://polymer.bu.edu/java/java/montepi/montepiapplet.html

1

1

http://polymer.bu.edu/java/java/montepi/montepiapplet.html


Counting Techniques
Multiplicative Rule

x x etc =

If you have 3 hats, 2 jackets, 6 shirts, 5 pairs of pants 

and 3 pairs of shoes. 

How many different s outfits are possible?

Number of Outcomes 
for 1-st Event

Number of Outcomes 
for 2-nd Event

Total Number 
of Outcomes 

knnnn  21



Counting Techniques
Multiplicative Rule

x x etc =

How many different plates are possible?

Number of Outcomes 
for 1-st Event

Number of Outcomes 
for 2-nd Event

Total Number 
of Outcomes 

knnnn  21



Counting Techniques

Permutations = rearrangements of distinct objects

x x etc =

•

 

Read: n -

 

factorial

In how many ways could the six bridesmaids be rearranged?

Number of Objects  
for the 1-st spot

Number of Objects 
for the 2-nd spot

Total Number 
of distinct sequences 

   
1!0

1221!


 nnnn



Counting Techniques

Permutations in a circle

x x etc =

Does not quite work (why?)

In how many ways could the five friends be rearranged?

Number of Objects  
for the 1-st spot

Number of Objects 
for the 2-nd spot

Total Number 
of distinct sequences 



Counting Techniques

Permutations = rearrangements of distinct objects

x x etc =

In how many ways could four bridesmaids be selected and rearranged?

Number of Objects  
for the 1-st spot

Number of Objects 
for the 2-nd spot

Total Number 
of distinct sequences 



Counting Techniques

Combinations = selections of k objects from n distinct objects
•

 

Read: n –

 

choose -

 

k

Lotto Game summary 
Choose six Numbers from 1 to 49. Six Numbers are drawn. 
Match all 6 Numbers to win the jackpot. 

•

 

In how many ways could the six winning Numbers be selected?

•

 

What is the probability of winning the jackpot?

 

 !!
!

!!
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Counting Techniques

Combinations = selections of k objects from n distinct objects

•

 

Read: n –

 

choose -

 

k

Lotto Game summary 
Choose six Numbers from 1 to 49. Six Numbers are drawn plus a bonus 
Number, out of 49 numbered balls. Match all 6 Numbers to win the jackpot. 
Match 5 Numbers and the bonus Number to win the second highest prize. 
Match five, four or three Numbers to win smaller prizes.

•

 

In how many ways could the six winning Numbers and the bonus Number be selected?

•

 

What is the probability of winning the jackpot or the second prize? 

 !!
!
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Counting Techniques

Putting the Counting Techniques to Work Together

BASEBALL LINE-UPS

Player rosters
Roster, or squad, sizes differ between different leagues and different levels of organized play. Major League 
Baseball teams maintain twenty-five-player active rosters. A typical twenty-five-man roster in a league without the
without the DH rule, such as MLB's National League features:

five starting pitchers who constitute the team’s starting rotation (careful! the order of players is important)
eight position players—catcher, four infielders, three outfielders—who play on a regular basis

Look at the Detroit Tigers active roster and count how many starting rotations are possible ?

http://en.wikipedia.org/wiki/File:Wrigley_field_720.jpg


Detroit Tigers Active Roster
# Pitchers B/T Ht Wt DOB
38 Jeremy Bonderman R-R 6'2“ 220 Oct 28, 1982
49 Eddie Bonine R-R 6'5“ 220 Jun 6, 1981
40 Phil Coke L-L 6'1“ 210 Jul 19, 1982
59 Fu-Te Ni L-L 6'0“ 170 Nov 14, 1982
45 Ryan Perry R-R 6'4“ 200 Feb 13, 1987
48 Rick Porcello R-R 6'5“ 200 Dec 27, 1988
37 Max Scherzer R-R 6'3“ 220 Jul 27, 1984
36 Brad Thomas L-L 6'4“ 235 Oct 12, 1977
46 Jose Valverde R-R 6'4“ 255 Mar 24, 1978
35 Justin Verlander R-R 6'5“ 225 Feb 20, 1983
21 Dontrelle Willis L-L 6'4“ 225 Jan 12, 1982
54 Joel Zumaya R-R 6'3“ 210 Nov 9, 1984 
# Catchers B/T Ht Wt DOB
13 Alex Avila L-R 5'11“ 210 Jan 29, 1987
8 Gerald Laird R-R 6'1“ 225 Nov 13, 1979
# Infielders B/T Ht Wt DOB
24 Miguel Cabrera R-R 6'4“ 240 Apr 18, 1983
4 Adam Everett R-R 6'0“ 180 Feb 5, 1977
15 Brandon Inge R-R 5'11“ 190 May 19, 1977
39 Ramon Santiago S-R 5'11“ 175 Aug 31, 1979
20 Scott Sizemore R-R 6'0“ 185 Jan 4, 1985
# Outfielders B/T Ht Wt DOB
26 Brennan Boesch L-L 6'4“ 235 Apr 12, 1985
18 Johnny Damon L-L 6'2“ 205 Nov 5, 1973
14 Austin Jackson R-R 6'1“ 185 Feb 1, 1987
32 Don Kelly L-R 6'4“ 190 Feb 15, 1980
30 Magglio Ordonez R-R 6'0“ 215 Jan 28, 1974
25 Ryan Raburn R-R 6'0“ 185 Apr 17, 1981

http://tigers.mlb.com/team/player.jsp?player_id=425827
http://tigers.mlb.com/team/player.jsp?player_id=444382
http://tigers.mlb.com/team/player.jsp?player_id=457435
http://tigers.mlb.com/team/player.jsp?player_id=547820
http://tigers.mlb.com/team/player.jsp?player_id=543634
http://tigers.mlb.com/team/player.jsp?player_id=519144
http://tigers.mlb.com/team/player.jsp?player_id=453286
http://tigers.mlb.com/team/player.jsp?player_id=346801
http://tigers.mlb.com/team/player.jsp?player_id=407878
http://tigers.mlb.com/team/player.jsp?player_id=434378
http://tigers.mlb.com/team/player.jsp?player_id=425883
http://tigers.mlb.com/team/player.jsp?player_id=451491
http://tigers.mlb.com/team/player.jsp?player_id=488671
http://tigers.mlb.com/team/player.jsp?player_id=408042
http://tigers.mlb.com/team/player.jsp?player_id=408234
http://tigers.mlb.com/team/player.jsp?player_id=276361
http://tigers.mlb.com/team/player.jsp?player_id=276346
http://tigers.mlb.com/team/player.jsp?player_id=421124
http://tigers.mlb.com/team/player.jsp?player_id=502003
http://tigers.mlb.com/team/player.jsp?player_id=453269
http://tigers.mlb.com/team/player.jsp?player_id=113028
http://tigers.mlb.com/team/player.jsp?player_id=457706
http://tigers.mlb.com/team/player.jsp?player_id=430603
http://tigers.mlb.com/team/player.jsp?player_id=120044
http://tigers.mlb.com/team/player.jsp?player_id=430605
http://image36.webshots.com/36/1/73/63/2173173630038232934sdEpVm_ph.jpg


Counting Techniques

BASEBALL LINE-UPS

Look at the Detroit Tigers active roster and count 

In how many ways a catcher can be selected

In how many ways the four infielders can be selected? How about the three outfielders? 

http://en.wikipedia.org/wiki/File:Wrigley_field_720.jpg


Counting Techniques

BASEBALL LINE-UPS

Look at the Detroit Tigers active roster and count 

In how many ways the four infielders can be lined-up? How about the three outfielders? 

How many different line-ups of an MLB baseball team are possible? 

http://en.wikipedia.org/wiki/File:Wrigley_field_720.jpg


The Laws of Probability

P(A or B) = P(A) + P(B) –
 

P(A and B)

P(Not
 

A) = 1 –
 

P(A)

A B
A 
AND 
B

A OR

 

B
A

NOT A



1. In one village, 60% of days are sunny, 50% of days are hot and 20% 
of days are sunny and hot. 
(a) What is the proportion of days that are sunny or hot? 
(b) That are not sunny?

SUNNY OR

 

HOT
60 %   20%  50%       



A few interesting problems
1. All questions are about our group. Assume no leap years.

If we could choose our birthdays any way we wanted, in how many different ways could 
we do that?

Same question as above, but if everyone would have to have different birthday?

What is the probability that among a group of people like us at least two persons have the 
same birthday?



A few interesting problems
2. There are 3 letters and 3 envelopes. 

In how many different ways could we put the letters inside the envelopes (one letter per 
envelope, of course)?

What is the probability that exactly one letter will end up in a wrong envelope?

What is the probability that exactly two letters will end up in wrong envelopes?

What is the probability that all three letters will end up in a wrong envelopes?



A few interesting problems
3. There are 23 letters and 23 envelopes. 

In how many different ways could we put the letters inside the envelopes (one letter per 
envelope, of course)?

What is the probability that exactly one letter will end up in a wrong envelope?

What is the probability that exactly two letters will end up in wrong envelopes?

What is the probability that exactly three letters will end up in wrong envelopes?



Take a chance – part 2 

The hypergeometric model 

Capture-mark-recapture method  

Real world Applications  

Useful practical Techniques 

The maximum likelihood estimate 

Performing experiments 

Quality of estimation 



The Hypergeometric 

Model 

A box contains 4 red and 6 green marbles. You select 5 marbles. What is the probability that  

you will find 2 red marbles among the 5 you have selected? 

  

 

 
 

 

Go to the web-site 

http://socr.ucla.edu/htmls/exp/Ball_and_Urn_Experiment.html OR 

http://www.ds.unifi.it/VL/VL_EN/applets/UrnExperiment.html 

http://socr.ucla.edu/htmls/exp/Ball_and_Urn_Experiment.html
http://www.ds.unifi.it/VL/VL_EN/applets/UrnExperiment.html


Interactive Fun 
Your Notes Here 



The Hypergeometric Model 

A box contains N marbles, K red and the remaining N-K are green. You select  

n marbles. What is the probability that you will find k red marbles among the n you  

have selected? 

  

 

 
 

 

 

 

N = total 

K = red 

N –K = green 

n = selected 

k =  red among n selected 

 

































n

N

kn

KN

k

K

selectednamongredkP



Interactive Fun 
Your Notes Here 



  The Most Likely Case 

A box contains  red and  green marbles, a total of 10 marbles. You select 5 marbles and find 

that two of them are red. What is the most likely number of red marbles in the box? Is 4 red  

among 10 reasonable? 

  

 

 
 

 

 

P(2 red in a sample of 5) = 0.476 
 



  The Most Likely Case 

  

 

 
 

 

 

P(2 red in a sample of 5)  
 
 
0.222 
 
 
 
0.417 
 
 
 
0.476 
 
 
 
 
0.4 
 



 Estimation – Our Best Guess 

Since 4 red and 6 green gives the highest probability to the event we 
have observed, 2 red in a sample of 5, We should assume that there 
are 4 red and 6 green marbles in the container. 

This is called the Maximum likelihood estimate  

 



  The Most Likely Case 

A box contains  red and  green marbles. The number of red marbles is 4. You select 5 marbles  

and find that 1 of them is red. What is the most likely total number of marbles in the box? Is  

10 reasonable (4 red and 6 green)? 

  

 

 
 

 

 

P(1 red in a sample of 5) = 0.238 
 

10 total 



  The Most Likely Case 

  

 

 
 

 

 

P(1 red in a sample of 5)  
 
 
0.4673 
 
 
 
0.4696 
 
 
 
0.4696 
 
 
 
 
0.4678 
 

                19 total 

                     20 total 

                    21 total 

18 total 



 Estimation – Our Best Guess 

Since 4 red and 15 green or 16 green, with the total of 19 or 20 
marbles gives the highest probability to the event we have 
observed, 1 red in a sample of 5, We should assume that there are 19 
or 20 marbles in the container. 

This is called the Maximum likelihood estimate  

 



Suppose 1000 fish caught in a lake are tagged and released. After some time allowed for mixing, a  

new catch of 1000 fish is made and 100 among them are found tagged. Can we estimate the  

number of fish in the lake? Here is an intuitive solution: 

  

 

 
 

 

 

 

  Estimation of the Size of  

 Population From Recapture Data 

000,1010000,1

000,1

100

000,1














   Applications to Social  

  Problems 

Capture-recapture to estimate the number of street children in a city in Brazil 

Authors: R Q Gurgel, J D C da Fonseca, D Neyra-Castañeda, G V Gill, L E Cuevas  

 

 

Background: Street children are an increasing problem in Latin America. It is however difficult  

to estimate the number of children in the street as this is a highly mobile population.  

 

Aims: To estimate the number of street children in Aracaju, northeast Brazil, and describe the characteristics  

of this population.  

 

Methods: Three independent lists of street children were constructed from a non-governmental organisation  

and cross-sectional surveys. The number of street children was estimated using the capture-recapture  

method. The characteristics of the children were recorded during the surveys.  

 

Results: The estimated number of street children was 1456. The estimated number of street children before  

these surveys was 526, although non-official estimates suggested that there was a much larger population.  

Most street children are male, maintain contact with their families, and are attending school. Children  

contribute to the family budget a weekly average of R$21.2 (£4.25, €6.0, US$7.5) for boys and R$17.7 (£3.55,  

€5.0, US$6.3) for girls.  

 

Conclusion: Street children of Aracaju have similar characteristics to street children from other cities in Brazil.  

The capture-recapture method could be a useful method to estimate the size of this highly mobile population.  

The major advantage of the method is its reproducibility, which makes it more acceptable than estimates from  

interested parties.  

 

Children on the streets of São Paulo  

http://adc.bmj.com/search?author1=R+Q+Gurgel&sortspec=date&submit=Submit
http://adc.bmj.com/search?author1=J+D+C+da+Fonseca&sortspec=date&submit=Submit
http://adc.bmj.com/search?author1=D+Neyra-Casta%C3%B1eda&sortspec=date&submit=Submit
http://adc.bmj.com/search?author1=D+Neyra-Casta%C3%B1eda&sortspec=date&submit=Submit
http://adc.bmj.com/search?author1=D+Neyra-Casta%C3%B1eda&sortspec=date&submit=Submit
http://adc.bmj.com/search?author1=G+V+Gill&sortspec=date&submit=Submit
http://adc.bmj.com/search?author1=L+E+Cuevas&sortspec=date&submit=Submit


   Applications to Ecology 

   (California) 

Estimating Bobcat Population Sizes and Densities in a Fragmented Urban  

Landscape Using Noninvasive Capture–Recapture Sampling 

Authors: Emily W. Ruell, Seth P. D. Riley, Marlis R. Douglas, John P. Pollinger, and 
Kevin R. Crooks 

 

Bobcats (Lynx rufus) are valuable indicators of connectivity in the highly fragmented  

landscape of coastal southern California, yet their population sizes and densities are  

largely unknown. Using noninvasive scat sampling in a capture–recapture framework, we  

estimated population sizes for 2 similar areas of natural habitat with differing levels of  

isolation by human development in Santa Monica Mountains National Recreation Area,  

California. We used scat transects with geographic information system land-use layers  

and home-range sizes of bobcats to estimate effective sampling area and population  

densities. Estimates of population size in the study area connected to a much larger  

habitat area (26–31 individuals) were similar to estimates for the area that was  

completely surrounded by development (25–28 individuals). Bobcat densities for the 2  

study areas also were similar (ranging from 0.25 to 0.42 bobcat/km2) and likely represent  

recent population declines because of notoedric mange likely interacting with toxicants.  

These methods proved effective despite particularly low densities of bobcats and may be  

especially useful when study areas are geographically isolated, reducing the uncertainty  

in size of the sampling area. 

 



   Applications to Ecology 

   (India) 

Estimation of tiger densities in India using photographic captures and recaptures 

Authors:  K. Ullas Karanth, James D. Nichols  

 

The tiger (Panthera tigris) is an endangered big cat whose demographic status is uncertain across its entire  

distributional range, spanning 13 Asian countries. Because of their large body size and carnivorous diet (Eisenberg  

1981), tigers naturally occur at low population densities. Further, wild tiger populations are now being affected by  

adverse factors such as prey depletion due to overhunting, tiger poaching, and habitat shrinkage and fragmentation. 

Although recent field surveys, combined with forest cover maps, have generated more accurate distribution maps for  

Tigers, their utility for assessing the status and viability of tiger populations is limited by the absence of reliable data on  

population densities. 

 

Most prevailing methods of counting wild tigers appear to fail, because they are unable to dent with three important  

ecological characteristics of the species: scarcity, extensive range, and secretiveness. Because of their secretive  

behavior, tigers cannot be visually counted under usual field conditions. Consequently, most methods depend on  

counting tiger tracks. In India, the official "censuses" of tiger populations are based on the assumptions that each  

individual tiger can be identified by its unique track shape, and that track prints of every tiger can be simultaneously  

found and recorded.  

 

The application of radiotelemetry to estimate tiger densities is constrained by the small number of animals that can be  

tagged simultaneously, uncertainty about numbers of untagged tigers, and the high costs and effort involved. 

 

Based on the fact that tigers are individually identifiable from their stripe patterns, there is potential for estimating their  

population size using photographic "captures," within the theoretical framework of formal capture-recapture theory.  

http://findarticles.com/p/search/?qa=K. Ullas Karanth
http://findarticles.com/p/search/?qa=James D. Nichols


Capture and Marking Methods 

Capture methods are as varied as are animals, and some are listed below. Marking is often a very difficult problem, as  

you want to mark an individual, but you do not want to alter the individual beyond your ability to detect the mark.  

Specifically, you do not want the capturing and marking to affect  individual mortality or fecundity, either through the  

trauma of marking or by making the animal more visible to predators (if prey) or to prey (if a predator). In addition, you  

do not want to alter the marked individuals behavior so that it is either more or less easy to capture a second time. The  

mark should be permanent, or at least last as long as the study. Some capture and marking techniques are listed below  

with the animals upon which the technique is used. 

 

• Animal  

 Capture Technique  

 Marking Technique  

• Birds  

 netting, nest invasion  

 leg banding, recording color patterns, feather clipping  

• Mammals  

 live trapping, sedation  

 hair clipping, collars, dyeing hair, recording color pattern, clipping nails, leg banding, subdermal radio transponders  

• Amphibians  

 Pit traps, hand collection  

 toe clipping, paint injection, recording color pattern  

• Insects  

 Sweep Netting, Pit trapping, Aspirating, Pheromone Trapping, Light Trapping  

 Fluorescent dust, Tags (glued on), Recording Wing Damage Patterns, Radioactive Tracers  

• Mollusks (invertebrate animals., like squid)  

 Hand collection  

 Paint, Glue-on Tags 
 

http://en.wikipedia.org/wiki/Invertebrate
http://en.wikipedia.org/wiki/File:Tonicella-lineata.jpg


Maximum Likelihood Estimation 

Suppose 1000 fish caught in a lake are tagged and released. After some time allowed for  

mixing, a new catch of 1000 fish is made and 100 among them are found tagged. It is  

conceivable that the total number of fish in the lake is 1,900 (1,000 tagged and 900 untagged). 

 

• N = total = 1,900 

• K = red = 1,000 (tagged the first time) 

• N –K = green = 900 (not caught the first time) 

• n = selected = 1,000 (caught the second time) 

• k =  red among n selected = 100 (tagged found in the second catch) 

 

 1900 total 

1000 Red, 900 green 

1000 selected 

100 red found 

  43010

1000

1900

1001000

10001900

100

1000

1000100 































selectedamongredP

Too unlikely to have occurred! 



Other Population Sizes 

The maximum probability of the observed event happens for  
N = 9,999 and N=10,000, and equals 0.04428917172 
The M.L.e. for N is therefore 9,999 or 10,000. 



  
Performing the experiment 

 No. Experiment First Catch Second Catch  Tagged  M.L.E. of N 

1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

Proportion of experiments with the 

M.L.E. different from N by more 

than 5% 

Average: 



Quality of Estimation 

The estimate of N varies from experiment to  

experiment, however, most of the time it  

stays close to the true population size (is  

consistent). 

http://www.tc.faa.gov/acx20/images/qa_logo.gif
http://www.tc.faa.gov/acx20/images/qa_logo.gif


Test 

1. Explain the statement: the probability of rain 
tomorrow is 25%. 

2. How many combinations are possible in a lock 
using four rings, each ring has 10 possible 
positions.  

 

 

3. A team of three students is to be selected from 
this class. In how many ways can this be 
done? 



Test 

4. A group of 5 students is to be selected from 

this class. What is the probability that this 

group will have 2 girls and three boys? 

5. In order to estimate the number of illegal drug 

users in a certain location, 100 such individual 

were identified. After some time, a total of 100 

illegal drug users were arrested and 20 of 

them were those already identified. Estimate 

the population size of illegal drug users in this 

location. 



  
 Your answers 

Your Notes Here 



  
 Your answers 

Your Notes Here 
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